On exceptional collections of line bundles and mirror symmetry for toric
  Del-Pezzo surfaces by Jerby, Yochay
ar
X
iv
:1
60
5.
00
23
6v
2 
 [m
ath
.A
G]
  1
9 M
ay
 20
17
ON EXCEPTIONAL COLLECTIONS OF LINE BUNDLES AND
MIRROR SYMMETRY FOR TORIC DEL-PEZZO SURFACES
YOCHAY JERBY
Abstract. Let X be a toric Del-Pezzo surface and let Crit(W ) ⊂ (C∗)n be the solution
scheme of the Landau-Ginzburg system of equations. Denote by X◦ the polar variety of
X . Our aim in this work is to describe a map L : Crit(W )→ Fuktrop(X
◦) whose image
under homological mirror symmetry corresponds to a full strongly exceptional collection
of line bundles.
1. Introduction and Summary of Main Results
Let X be a smooth toric Fano manifold given by a reflexive polytope ∆ ⊂ Rn and let
∆◦ ⊂ (Rn)∨ be the polar polytope of ∆, see [6]. The polytope ∆◦ determines L˜(∆◦), the
family of Laurent polynomials W : (C∗)n → C whose Newton polytope is ∆◦. We refer to
a pair ((C∗)n,W ), where W ∈ L˜(∆◦) is such that {W = 0} is smooth, as a mirror model
of X .
In [1, 2] Abouzaid established an equivalence between Db(X), the derived category of
coherent sheaves of X , and a certain full subcategory of Dpi(Fuk((C∗)n, W˜ )), the derived
Fukaya category of a specific mirror model ((C∗)n, W˜ ), affirming Kontsevich’s homolog-
ical mirror symmetry conjecture for toric Fano manifolds, see [22, 23]. The equivalence
is based on the definition of a correspondence between the T -equivariant line bundles
O(D), for D ∈ DivT (X), and hamiltonian isotopy classes of certain Lagrangian branes in
Fuk((C∗)n, W˜ ), called tropical sections. The extension to the whole of Db(X) relies on
the homolgical algebraic fact that, in the toric case, Db(X) is generated as a triangulated
category by the line bundles O(D), for all D ∈ DivT (X). We hence-forward denote by
Fuk(X◦) for the Fukaya pre-category of the model ((C∗)n, W˜ ) and by Fuktrop(X
◦) the
sub-pre-category of tropical sections.
One of the features of Abouzaid’s homological mirror symmetry functor is that it does
not make reference to exceptional collections on neither of the categories Db(X) and
Dpi(Fuk(X◦)), for its definition. On the other hand, one of the general approaches to
establish homological mirror symmetry is to identify collections L of Lagrangian subman-
ifolds in the mirror which are analogs of known full strongly exceptional collections E in
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Db(X). For instance, Seidel’s fundamental construction describes such collections of La-
grangian vanishing cycles in the directed Fuaya-Seidel category, which depend on a certain
choice of thimbles, see [28, 29, 30]. In a few cases (toric and non-toric), a correspondence
between such collections of Lagrangian vanishing cycles and specific known exceptional
collections of sheaves E in Db(X) has been established, see for instance [4, 5, 29, 31, 33].
However, in general, it becomes increasingly hard to determine, in advance, what is the
appropriate analog in Db(X) of a given vanishing cycle L ∈ L. We refer the reader to
[12, 16] where the case of general nef toric stacks is studied. In particular, the established
examples show that classes analog to vanishing cycles under mirror symmetry typically
do not turn to be classes of line bundles, or even vector bundles, in Db(X).
Let W ∈ L˜(∆◦) be an element and let Crit(W ) ⊂ (C∗)n be the solution scheme of the
Landau-Ginzburg system of equations given by
zi
∂
∂zi
W (z1, ..., zn) = 0 for i = 1, ..., n.
In [17, 18] we described, for various toric Fano manifolds X and potentials W , maps of
the form E : Crit(W ) → Pic(X) whose image is a full strongly exceptional collection,
we refered to these maps as exceptional maps. Our aim in this work is to describe maps
L : Crit(W )→ Fuktrop(X
◦) which make the following diagram commutative
Crit(W )
Pic(X) Fuktrop(X
◦)
∼
E L
HMS
where the map HMS, in the bottom row, is Abouzaid’s homological mirror symmetry
functor restricted to Pic(X). In particular, let us note that as in Seidel’s construction,
our apporoch is to associate Lagrangian branes to elements of Crit(W ). However, in our
case the corresponding branes are determined by the combinatorial data of the polytope
∆, and do not involve additional choices.
In order to construct L we first inflate the elements of Crit(W ) ⊂ (C∗)n into a collection
of embeded Lagragian n-balls. This is achieved by considering the solutions of
zi
∂
∂zi
W (z1, ..., zn) = ai for i = 1, ..., n,
with a ∈ Rn such that |a| ≤ r for some 0 < r. We denote by L˜r(z) the resulting Lagrangian
ball whose center is z ∈ Crit(W ). In the examples considered one always has a unique
solution z0 such that E(z0) = OX . It turns that of all the resulting balls, only L˜r(z0) is
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a genuine element of Fuk(X◦). In fact, L˜r(z0) turns to coincide with the trivial tropical
section L0 ∈ Fuktrop(X
◦), which corresponds to OX under HMS. We hence want to fix
the rest of the balls to be tropical sections. In order to do so consider the monodromy
map defined by standard analytic continuation along a loop
M : pi1(L(∆
◦) \RX ,W )→ Aut(Crit(W )),
where RX is the hypersurface of allW for which Crit(W ) is non-reduced andAut(Crit(W ))
is the permutation group of Crit(W ) as a finite set, see [17, 18]. The map M inflates to
an analog map for the inflated Lagrangian balls by setting M(L˜r(z)) := L˜r(M(z)). Let
z ∈ Crit(W ) be any solution and set
G(z, z0) := {[γ]|M(γ)(z) = z0} ⊂ pi1(L(∆
◦) \R,W ).
Our main observation is that a maximal cone σ ∈ Σ(n) in the fan Σ of X , see [15, 25],
naturally determines an element γ(z; σ) ∈ G(z, z0). Note that an element γ ∈ G(z, z0) can
be associated with a weightm(γ) ∈ Zn by lifting the image of the monodromyM(γ) under
the Argument map to the universal cover Rn of Tn. We set mW (z; σ) := m(γ(z; σ)) ∈ Z
n.
On the other hand, recall that DivT (X) is isomorphic to the group of continuous piecewise
linear functions, supported on Σ. In particular, a divisor D ∈ DivT (X) and a maximal
cone σ ∈ Σ(n) are associated with a weightmX(D; σ) ∈ Z
n, viewed as the linear functional
obtained by restricting the support function of D to σ. We show:
Theorem A: Let X be a toric Del Pezzo surface and let z ∈ Crit(W ) be the solution of
the corresponding potential W . Then
mW (z; σ) = −mX(Dz; σ)
for any σ ∈ Σ(n) where Dz ∈ DivT (X) is a T -divisor such that E(z) = [Dz] ∈ Pic(X).
Let us note that we view the above formula as a manifestation of the mirror symmetry
phenomena, as it express a relation between invariants of Db(X) and geometric properties
of the mirror. Finally, the collection of monodromies M(γ(z; σ)) allows us to construct
the required sections. Indeed, even though the Lagrangian balls L˜r(z) are not tropical
sections, for z 6= z0, they still satisfiy Logr(L˜r(z))→ ∆, due to standard considerations of
tropical geometry. We thus view them as embedded copies of (a smooth approximation
of) ∆. To each vertex x ∈ ∆(0) we apply the monodromy M(γ(z; σz)) where σz is
the corresponding cone under the identification Σ(n) ≃ ∆(0). To the rest of the one-
dimensional boundary points we apply the monodromies obtained by interpolating the
paths γ(z; σ) associated to the vertices on the endpoints, in the obvious way. In particular,
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verifying with the definition of the map HMS together with Theorem A shows that the
resulting tropical sections satisfy the required HMS(E(z)) = [Lr(z)].
The rest of the work is organized as follows: In section 2 we review relevant results on
toric Fano manifolds and exceptional collections in Pic(X) as well as the construction of
the maps E. In section 3 we review relevant features of Abouzaid’s homological mirror
symmetry functor. In section 4 we define L for the toric Del-Pezzo surfaces and discuss
generalization to higher dimensional cases and concluding remarks.
2. Review on exceptional collections in Pic(X) of toric Fano manifolds
A toric variety is an algebraic variety X containing an algebraic torus T ≃ (C∗)n as a
dense subset such that the action of T on itself extends to the whole variety, we refer the
reader to [15, 25]. A compact toric variety X is said to be Fano if its anticanonical class
−KX is Cartier and ample.
Let N ≃ Zn be a lattice and let M = N∨ = Hom(N,Z) be the dual lattice. Denote by
NR = N ⊗ R and MR = M ⊗ R the corresponding vector spaces. Let ∆ ⊂ MR be an
integral polytope and let
L(∆) :=
⊕
m∈∆∩M
Cm.
The polytope ∆ determines the embedding i∆ : (C
∗)n → P(L(∆)∨) given by z 7→ [zm |
m ∈ ∆∩M ]. The toric variety X∆ ⊂ P(L(∆)
∨) corresponding to the polytope ∆ ⊂ MR is
defined to be the compactification of the embedded torus i∆((C
∗)n) ⊂ P(L(∆)∨). Assume
0 ∈ Int(∆) and let
∆◦ = {n | (m,n) ≥ −1 for every m ∈ ∆} ⊂ NR
be the polar polytope of ∆. A polytope ∆ ⊂ MR with 0 ∈ Int(∆) is said to be reflexive
if ∆◦ ⊂ NR is integral. A reflexive polytope ∆ is said to be Fano if every facet of ∆
◦ is
the convex hall of a basis of M . Batyrev shows in [6] that X∆ is a Fano variety if and
only if ∆ is reflexive and, in this case, the embedding i∆ is the anti-canonical embedding.
The Fano variety X∆ is smooth if and only if ∆
◦ is a Fano polytope.
Denote by ∆(k) the set of k-dimensional faces of ∆ and let VX(F ) ⊂ X be the closure of
the T -orbit corresponding to the facet F ∈ ∆(k) in X . In particular, consider the group
of toric divisors
DivT (X) :=
⊕
F∈∆(n−1)
Z · VX(F ).
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When X is a smooth toric manifold the group Pic(X) admits a description in terms of
the following short exact sequence
0→M → DivT (X)→ Pic(X)→ 0.
When X is also Fano one has ∆(n − 1) ≃ ∆◦(0) = {nF |F ∈ ∆(n− 1)} ⊂ NR and
the map on the left hand side is given by m →
∑
F 〈m,nF 〉 · VX(F ). We sometimes
denote VX(nF ) := VX(F ). Moreover, one can always assume that, up to a linear integral
automorphism,
∆◦(0) = {e1, ..., en, n1, ..., nρ} ⊂ Z
n.
In the considered cases one has Pic(X) ≃
⊕ρ
i=1[VX(ni)] · Z and we write
[VX(ei)] :=
ρ∑
j=1
eij · [VX(ni)] ∈ Pic(X),
with eij ∈ Z for 1 ≤ i ≤ n and 1 ≤ j ≤ ρ.
Let Db(X) be the derived category of bounded complexes of coherent sheaves on X ,
see [19, 32]. An object E ∈ Db(X) is said to be exceptional if Hom(E,E) = C and
Exti(E,E) = 0 for i 6= 0. An ordered collection {E1, ..., EN} ⊂ D
b(X) is said to be an
exceptional collection if each Ej is exceptional and
Exti(Ej , Ek) = 0 for j < k and all i.
An exceptional collection is said to be strongly exceptional if also Exti(Ej , Ek) = 0 for
j ≤ k and i 6= 0. A strongly exceptional collection is called full if its elements generate
Db(X) as a triangulated category. It should be noted, that results of Efimov show that
there are toric Fano manifolds which do not admit any full strongly exceptional collection
of line bundles, see [14].
Let W ∈ L(∆◦) be a Laurent polynomial whose Newton polytope is the Fano polytope
∆◦. Let Crit(W ) ⊂ (C∗)n be the solution scheme of the corresponding Landau-Ginzburg
system of equations
zk
∂
∂zk
W (z1, ..., zn) = 0 for k = 1, ..., n.
For a solution z = (z1, ..., zn) ∈ Crit(W ) consider the T -divisor with real coefficents
DW (z) :=
∑
F∈∆(n−1)
Arg(znF ) · VX(F ) ∈ DivT (X)⊗ R,
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where Arg : C∗ → [0, 1) is the Argument function given by Arg(re2piiθ) = θ ∈ [0, 1). Note
that
[DW (z)] =
[
n∑
i=1
Arg(zi) · VX(ei) +
ρ∑
j=1
Arg(zni) · VX(ni)
]
∈ Pic(X)⊗ R.
Define the map EW : Crit(W )→ Pic(X) as follows
EW (z) := [DW (z)]Z ∈ Pic(X) for z ∈ Crit(W ),
where [D]Z ∈ Pic(X) is the integral part of [D] ∈ Pic(X) ⊗ R. In [17, 18] we showed
various cases of pairs (X,W ) for which EW : Crit(W )→ Pic(X) is an exceptional map,
that is, its image is a full strongly exceptional collection. Let us briefly recall selected
examples:
Example 2.1 (Projective space): For X = Pn one has ∆◦(0) = {e1, ..., en, e0} with
e0 := −
∑n
i=1 ei and
H := [VX(e0)] = [VX(e1)] = ... = [VX(en)] ∈ Pic(X).
The Landau-Ginzburg system of equations is given by
zi
∂
∂zi
W (z1, ..., zn) = zi −
1
z1 · ... · zn
= 0 for i = 1, ..., n,
whose solution scheme is given by
Crit(W ) =
{(
e
2piik
n+1 , ..., e
2piik
n+1
)
|k = 0, ..., n
}
⊂ (C∗)n.
Hence, for k = 0, ..., n one has
EW (zk) =
[
n∑
i=0
k
n+ 1
· VX(ei)
]
Z
=
[(
n∑
i=0
k
n+ 1
)
·H
]
Z
= k ·H.
In particular, the resulting collection EW = {k ·H|k = 0, ..., n} ⊂ Pic(X) is Beilinson’s
full strongly exceptional collection, see [7].
Example 2.2 (Products): Let X1, X2 be two toric Fano manifolds given by polytopes
∆1 ⊂ R
n and ∆2 ⊂ R
m. Set
∆◦1(0) = {e1, ..., en, n1, ..., nρ1} ⊂ Z
n ; ∆◦2(0) =
{
v1, ..., vm, n
′
1, ..., n
′
ρ2
}
⊂ Zm .
Then X := X1 × X2 is also a toric Fano manifold given by the polytope ∆ ⊂ R
n × Rm
satisfying
∆◦(0) = pr∗1∆
◦
1(0)× pr
∗
2∆
◦
2(0) ⊂ Z
n × Zm,
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where pr1 : Z
n×Zm → Zn and pr2 : Z
n×Zm → Zm are the two projections. In particular,
one has
Pic(X) ≃ pi∗1Pic(X1)⊕ pi
∗
2Pic(X2).
If E1 ⊂ Pic(X1) and E2 ⊂ Pic(X2) are full strongly exceptional collections on X1 and X2,
then E := pi∗1E1 ⊕ pi
∗
2E2 ⊂ Pic(X) is a full strongly exceptional collection on X , see [8].
Assume W1(z) ∈ L(∆
◦
1) and W2(w) ∈ L(∆
◦
2) are such that EWi : Crit(Wi) → Pic(Xi) is
an exceptional map for i = 1, 2. Set W (z, w) :=W1(z) +W2(w) ∈ L(∆
◦) and note that
Crit(W ) = {(z, w)|z ∈ Crit(W1), w ∈ Crit(W2)} ⊂ (C
∗)n × (C∗)m.
In particular, EW is an exceptional map on X1 ×X2 with EW = pi
∗
1EW1 ⊕ pi
∗
2EW2.
Example 2.3 (Toric Del Pezzo surfaces): In dim(X) = 2 the only toric Fano manifolds
are the five toric Del-Pezzo surfaces
X = P2,P1 × P1, Bl1(P
2), Bl2(P
2), Bl3(P
2),
where Blk(P
2) is the blow-up of P2 in k = 1, 2, 3 of the T -invariant points. The first two
cases were given in Example 2.1 and Example 2.2. For the blow-ups, one has
Pic(Blk(P
2)) ≃ H · Z⊕
(
k⊕
i=1
Ei · Z
)
,
where Ei is the class of the normal bundle of the i-th exceptional divisor. It was shown
in [21, 27] that
E =
{
0, H,H − Ei, 2H −
k∑
i=1
Ei|i = 1, ..., k
}
⊂ Pic(Blk(P
2))
is a full strongly exceptional collection on Blk(P
2) for k = 1, 2, 3.
k = 1: The case k = 1 is a special case of the following Example 2.4.
k = 2: For k = 2 one has ∆◦(0) = {e1, e2, n1, n2, n3} with
n1 := −e1 ; n2 := −e1 − e2 ; n3 = −e2
with
[VX(e1)] = H − E2 ; [VX(e2)] = H − E1 ; [VX(n1)] = E1 ;
[VX(n2)] = H − E1 − E2 ; [VX(n3)] = E2 .
On the other hand, set
W (z1, z2) := z1 + z2 +
1
z1
+
1
z1z2
+
1
z2
∈ L(∆◦).
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In this case (as in the case k = 1) computation shows that the Arguments of the solutions
for the potential W itself, are not given in terms of roots of unity. This led us in [18] to
define for 0 ≤ t the following deformation of the potential
Wt(z1, z2) := e
−tz1 + e
−tz2 +
1
z1
+
1
z1z2
+
1
z2
∈ L(∆◦).
Denote by
z˜ := Arg(ze1, ze2 , zn1 , zn2 , zn3) ∈ T5.
Direct computation gives that z˜ for the elements of the solution scheme Crit(Wt) ⊂ (C
∗)2
converge, as t→∞, to the following five points
z˜0 = (0, 0, 0, 0, 0) ; z˜1 = (1/2, 0, 1/2, 1/2, 0) ; z˜2 = (0, 1/2, 0, 1/2, 1/2) ;
z˜3 = (1/2, 1/2, 1/2, 0, 1/2) ; z˜4 = (1/2, 1/2, 1/2, 1, 1/2) .
In particular, we have EW (z˜
0) = 0 and
EW (z˜
1) =
[
1
2
[VX(e1)] +
1
2
[VX(n1)] +
1
2
[VX(n2)]
]
Z
=
=
[
1
2
(H −E2) +
1
2
E1 +
1
2
(H − E1 − E2)
]
Z
= H − E2
EW (z˜
2) =
[
1
2
[VX(e2)] +
1
2
[VX(n2)] +
1
2
[VX(n3)]
]
Z
=
=
[
1
2
(H −E1) +
1
2
(H − E1 −E2) +
1
2
E2
]
Z
= H − E1
EW (z˜
3) =
[
1
2
[VX(e1)] +
1
2
[VX(e2)] +
1
2
[VX(n1)] +
1
2
[VX(n3)]
]
Z
=[
1
2
(H − E2) +
1
2
(H −E1) +
1
2
E1 +
1
2
E2
]
Z
= H
EW (z˜
4) =
[
1
2
[VX(e2)] +
1
2
[VX(e2)] +
1
2
[VX(n1)] + [VX(n2)] +
1
2
[VX(n3)]
]
Z
=[
1
2
(H − E2) +
1
2
(H −E1) +
1
2
E1 + (H − E1 −E2) +
1
2
E2
]
Z
= 2H − E1 − E2.
k = 3: For k = 3 one has ∆◦(0) = {e1, e2, n1, n2, n3, n4} with
n1 := e1 + e2 ; n2 := −e1 ; n3 := −e1 − e2 ; n4 = −e2
with
[VX(e1)] = H −E1 − E2 ; [VX(e2)] = H − E1 −E2 ; [VX(n1)] = E3 ;
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[VX(n2)] = E1 ; [VX(n3)] = H − E1 − E2 ; [VX(n4)] = E2 .
On the other hand, set
W (z1, z2) := z1 + z2 + z1z2 +
1
z1
+
1
z1z2
+
1
z2
∈ L(∆◦).
Direct computation gives that the elements of the solution scheme Crit(W ) ⊂ (C∗)2 are
the following six points
z0 = (1, 1) ; z1 = (ρ3, ρ3) ; z
2 = (ρ23, ρ
2
3) ; z
3 = (1,−1) ;
z4 = (−1, 1) ; z5 = (−1,−1)
where ρ3 := e
2pii
3 ∈ C∗. In particular, we have EW (z
0) = 0 and
EW (z
1) =
[
1
3
[VX(e1)] +
1
3
[VX(e2)] +
2
3
[VX(n1)] +
2
3
[VX(n2)] +
1
3
[VX(n3)] +
2
3
[VX(n4)]
]
Z
=
=
[
1
3
(H − E2 −E3) +
1
3
(H − E1 −E3) +
2
3
E3 +
2
3
E1 +
1
3
(H − E1 −E2) +
2
3
E2
]
Z
= H
EW (z
2) =
[
2
3
[VX(e1)] +
2
3
[VX(e2)] +
1
3
[VX(n1)] +
1
3
[VX(n2)] +
2
3
[VX(n3)] +
1
3
[VX(n4)]
]
Z
=
=
[
2
3
(H − E2 −E3) +
2
3
(H − E1 −E3) +
1
3
E3 +
1
3
E1 +
2
3
(H − E1 −E2) +
2
3
E2
]
Z
=
= 2H − E1 −E2 − E3
EW (z
3) =
[
1
2
[VX(e2)] +
1
2
[VX(n1)] +
1
2
[VX(n3)] +
1
2
[VX(n4)]
]
Z
=
=
[
1
2
((H − E1 −E3) + E3 + (H − E1 −E2) + E2)
]
Z
= H −E1
EW (z
4) =
[
1
2
[VX(e1)] +
1
2
[VX(n1)] +
1
2
[VX(n2)] +
1
2
[VX(n3)]
]
Z
=
=
[
1
2
((H − E2 −E3) + E3 + E1 + (H − E1 −E2))
]
Z
= H −E2
EW (z
5) =
[
1
2
[VX(e1)] +
1
2
[VX(n2)] +
1
2
[VX(n2)] +
1
2
[VX(n4)]
]
Z
=
=
[
1
2
((H −E2 − E3) + (H − E1 − E3) + E1 + E2)
]
Z
= H − E3.
Example 2.4 (Projective bundles): The projective bundle
X = P(OPs ⊕OPs(a1)⊕ ...⊕OPs(ar)) with a1 ≤ ... ≤ ar
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is toric and Fano if also
∑r
i=1 ai ≤ s. The corresponding polytope ∆ ⊂ R
r+s satisfies
∆◦(0) = {e1, ..., es, v1, ..., vs, e0, v0} ⊂ Z
s ⊕ Zr,
with e0 =
∑r
i=1 aivi −
∑s
i=1 ei and v0 = −
∑r
i=1 vi. Geometrically, ξ = [VX(v0)] is the
class of the tautological line bundle while pi∗H = [VX(e0)] is the class of the pull back of
the generator H ∈ Pic(Ps) via the bundle map. One has [VX(vi)] = pi
∗H for i = 1, ..., s
and [VX(ei)] = ξ−ai ·pi
∗H for i = 1, ..., r. Exceptional collections of objects on projective
bundles were studied by Orlov in [26]. In [9] Costa and Miro-Roig show that, under the
Fano condition,
E = {k · pi∗H + l · ξ}s,rk,l=0 ⊂ Pic(X)
is a full strongly exceptional collection. On the other hand consider
Wt(z, w) :=
s∑
i=1
zi +
r∑
i=1
wi + e
−t ·
∏r
i=1w
ai
i∏s
i=1 zi
+
1∏r
i=1wi
∈ L(∆◦).
For t ∈ R. In [18] we showed that EWt : Crit(Wt) → Pic(X) is an exceptional map
for 0 << t big enough, and EWt coincides with the full strongly exceptional collection of
Costa and Miro-Roig.
Remark 2.5 (Base-point potential): Note that in the above examples a specific base-
point potential W was introduced. In fact, as we are considering the integer-part in the
definition of the maps EW , the space L(∆
◦) is actually divided into chambers away from
the set of those elements for which |EW (Crit(W ))| < χ(X), such that the image of the
map EW is fixed for a given chamber. In particular, the potentials of Examples 2.1-2.4
could be viewed as representatives of their corresponding chambers in L(∆◦).
A classical fact in toric geometry is that DivT (X) ≃
⊕
F∈∆(n−1) VX(F ) · Z admits a dual
description as the group of certain piece-wise linear functions on NR. Let Σ = Σ(∆) be
the fan determined by the polyotope ∆, see [15, 25]. When X is Fano the vertices of the
polar polytope ∆◦(0) are exactly the primitive integral generators of the 1-dimensional
rays ρ ∈ Σ(1). We say that a function ψ : NR → R is a Σ-support function if it is
continuous, linear on each maximal cone σ ∈ Σ(n) and ψ(n) ∈ Z for any n ∈ ∆◦(0).
Denote by SF (NR,Σ) the group of all Σ-support functions. When X is smooth one has
DivT (X) ≃ SF (NR,Σ). Indeed, if ψ ∈ SF (NR,Σ) define Dψ :=
∑
n∈∆◦(0) ψ(n) · VX(Fn).
Given a Σ-support function ψ ∈ SF (NR,Σ) and a maximal cone σ ∈ Σ(n) denote by
m(ψ; σ) ∈ M the unique element such that ψ(n) = 〈m(ψ, σ), n〉 for any n ∈ σ ∩ N .
We similarly denote m(D; σ) = m(ψD; σ) where ψD is the support function such that
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D = DψD . In particular, in the Fano case for any E ∈ Pic(X) and σ ∈ Σ(n) define the
weight
mX(E; σ) := m(D(E); σ) ∈ Z
n,
where
D(E) :=
ρ∑
i=1
a˜(E; ρ) · VX(ni) ∈ DivT (X)
is the unique divisor representing E in the generators [VX(ni)] for i = 1, ..., ρ.
3. Review of homological mirror symmetry for toric Fano manifolds
Our aim in this section is to review the relevant features of Abouzaid’s mirror symmetry
functor for toric manifolds, developed in [1, 2]. Let W ∈ L(∆◦) be a generic Laurent
polynomial whose Newton polytope is ∆◦. Denote by MW := W
−1(0) ⊂ (C∗)n the fiber
of W over 0 ∈ C. In [1] Abouzaid introduces the following family of functions
W˜t,s(z) := 1 +
∑
n∈∆◦(0)
t−1(1− s · φn(Log|z|))z
n,
where φn ∈ C
∞(Rn) for n ∈ ∆◦(0) are required to satisfy certain decay conditions. For
s = 0 one has W˜t,0 ∈ L(∆
◦) but for s 6= 0 the function W˜t,s is no longer a Laurent
polynomial. However, Mt,s := W˜
−1(0) are all symplectomorphic for generic values of s
and 0 << t (see Proposition 4.9 of [1]) . Denote by M = Mt,1 with 0 << t big enough.
We refer to the pair ((C∗)n,M) as the (tropical) polarized mirror model of the toric Fano
manifold X .
Definition 3.1: A Lagrangian brane L ⊂ (C∗)n is an embedded compact graded La-
grangian submanifold, which is spin and exact. A Lagrangian brane is said to be admis-
sible if ∂L ⊂M and there exists a small neighborhood of ∂L in L which agrees with the
parallel transport of ∂L along a segment in C. A pair of admissible Lagrangians (L1, L2)
is called positive if their corresponding segments γ1, γ2 ⊂ C lie in the left half-plane and
their tangent vectors are oriented counter clockwise such that Im(γ2(θ)) < Im(γ1(θ)).
Admissible Lagrangian branes are objects of the Fukaya A∞ pre-category Fuk((C
∗)n,M)
which we hence-forward denote Fuk(X◦), see [2, 23, 30]. In particular, the space of
morphisms between two positive transverse objects L1, L2 ∈ Fuk(X
◦) is given by the
Floer complex (CF ∗(L1, L2), ∂). In [2] Abouzaid described the A∞ sub-pre-category of
tropical Lagrangian sections
Fuktrop(X
◦) ⊂ Fuk(X◦),
which he proved to be quasi-equivalent to the DG-category of line bundles on X .
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Consider the map Log : (C∗)n → Rn and let A = 1
t
Log|M | ⊂ Rn be the amoeba of M ,
see [20]. In [1, 2] Abouzaid shows that there exists a component ∆˜ ⊂ Rn \ A in the
complement of A which is contained in the polytope ∆ ⊂ Rn and is C0-close to it. Note
that the map Log can be viewed as a fibration whose fiber is Tn and whose zero-section
is the Lagrangian (R+)n ⊂ (C∗)n. Consider the following definition:
Defintion 3.2: A tropical Lagrangian section in ((C∗)n,M) is an admissible Lagrangian
brane L which is a section of the map Log restricted to ∆˜.
It is shown in [2] that up to Hamiltonian isotopy tropical Lagrangian sections in ((C∗)n,M)
are in one to one correspondence with elements of Pic(X). The class of OX ∈ Pic(X)
corresponds to L0 := (R
+)n ∩ Log−1(∆), which is a tropical Lagrangian section of the
polarized model.
Example 3.3 (the projective line): ForX = P1 one has ∆ = [−1, 1] ⊂ R and Pic(X) ≃ Z.
The mirror is given in this case by (C∗,Mt) with Mt = {e
−t, et}. The inverse image of
∆ under Logt is the annulus e
−t ≤ |z| ≤ et in C∗. In this case, one sees that tropical
Lagrangian sections are curves in the annulus connecting the two points of M passing
through each circle |z| = const once. In particular, a section corresponds to the line
bundle O(k) ∈ Pic(X) if it rotates around the origin k ∈ Z times.
Recall from section 2 that Pic(X) ≃ SF (Σ)/Zn and that a Σ-support function ψ ∈ SF (Σ)
is determined by the elements m(ψ; σ) ∈ Zn for the maximal cones Σ(n) ≃ ∆(0). On the
other hand, Abouzaid shows that any tropical Lagrangian section L ⊂ (C∗)n must coincide
with the zero section L0 ⊂ (C
∗)n in a small neighborhood of the fiber Log−1(x) ≃ Tn for
any vertex x ∈ ∆(0) ⊂ Rn. As Tn = Rn/Zn, a lift L˜ ⊂ (R+)n×Rn of the tropical section
L ⊂ (C∗)n to the universal cover gives rise to a specification of elements of m(L˜; x) ∈ Zn
to any x ∈ ∆(0). In particular, one can define ψ
L˜
∈ SF (Σ) to be the Σ-support function
given by m(ψ; σ) = m(L˜; xσ), for xσ ∈ ∆(0) ≃ Σ(n). As a lift depends on a choice of a
deck transformation m ∈ Zn one has a well defined bijection
HMS : Pic(X)→ Fuktrop(X
◦)/ ∼ .
In [2] Abouzaid proves that this bijection extends, in fact, to an equivalence of A∞ pre-
categories, where the pre-category on the left-hand side is the DG-category of line bundles
on X . In particular, if L1, L2 ∈ Fuktrop(X
◦) are a positive pair, see [2], then
HF (L1, L2) ≃ Hom(HMS(L1), HMS(L2))
as required.
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4. Landau-Ginzburg systems and tropical sections for toric Del-Pezzo
LetX be a toric Fano manifold and letW ∈ L(∆◦) be the corresponding Landau-Ginzburg
potential. Our aim is to describe, for various X , a map
L : Crit(W )→ Fuktrop(X
◦)
associating a tropical Lagrangian section L(z) ⊂ (C∗)n to a solution z ∈ Crit(W ) and
satisfying [L(z)] = HMS(E(z)), where HMS is Abouzaid’s homological mirror symmetry
functor. Let us start with the following observation: For a = (a1, ..., an) ∈ R
n consider
Crita(W ) :=
{
zi
∂
∂zi
W (z1, ..., zn) = ai|i = 1, ..., n
}
⊂ (C∗)n
and set Crit(W ; r) :=
⋃
|a|≤r Crita(W ) ⊂ (C
∗)n for 0 ≤ r. Geometrically, we think
of Crit(W ; r) as an inflation of the elements of Crit(W ) = Crit(W ; 0) into embedded
Lagrangian n-balls of radius r. Concretely, for z ∈ Crit(W ) we have a Lagrangian
embedding iz : B
n(r) → (C∗)n such that iz(0) = z and Crit(W ; r) =
⊕
z∈Crit(W ) L˜r(z)
where L˜r(z) := iz(B
n(r)).
In the considered examples, direct computation (or direct application of the definition of
amobeas of algebraic hypersurfaces, see [24]) shows that
limt→∞
(
Logt(L˜t(z))
)
= ∆ ⊂ Rn
for any z ∈ Crit(W ). However, although they satisfy the condition of being sections of
the Log map over the polytope ∆, the Lagrangians L˜t(z) are not tropical sections as they
are not, in general, admissible, that is, they do not satisfy ∂L˜t(z) ⊂ Mt. In fact, only
L˜t(z0) ⊂ (C
∗)n, where z0 ∈ Crit(W ) is the solution for which E(z0) = OX , turns to be a
geniune tropical section.
Let RX ⊂ L(∆
◦) be the hypersurfaces of all W such that Crit(W ) is non-reduced. Note
that a loop γ ⊂ L(∆◦) \ RX gives rise to an autmorphism M(γ) : Crit(W ) → Crit(W )
defined via analytic contionuation. We refer to the map
M : pi1(L(∆
◦) \RX ,W )→ Aut(Crit(W ))
as the monodromy map, see [17, 18]. The map M naturally inflates to a map
M : pi1(L(∆
◦) \RX ,W )→ Aut(Crit(W ; r))
by similarly applying M(γ) : Crita(W )→ Crita(W ) point-wise to the elements of L˜t(z).
For two solutions z, z′ ∈ Crit(W ) let G(z, z′) := {γ|M(γ)(z) = z′} / ∼ be the set of all
paths, up to homotopy, which take z to z′. We have the following:
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Lemma 4.1: Let X be a toric Fano manifold and W a potential such that W 6∈ RX . Let
z ∈ Crit(W ) be a solution and γ ∈ G(z, z′). Then M(γ)(L˜t(z)) = L˜t(z
′).
Proof: One has Crita(W ) = {z1(a), ..., zN(a)} where zi(a) is a continuous function of
a ∈ Bn(r). In particular, L˜t(zi) =
⋃
a∈Bn(r) zi(a) and Ma(γ) change continuously as a
function of a. If M(γ)(zi) = zj then clearly Ma(γ)(zi(a)) = zj(a) for a with |a| small
enough. Cover the Bn(r) with small enough balls and proceed accordingly. 
Lemma 4.1 shows that fixed inflated monodromy M(γ) of a path γ ∈ G(z, z0) always
transfers the embedded Lagrangian ball L˜r(z) to the trivial Lagrangian tropical section.
We observe, however, that even though the resulting section is always L0, different mon-
odromies transfer L˜r(z) to L0 along different paths. In order to obtain a non-trivial
tropical section we decompose L˜r(z) ≃ ∆ into components, to each of whose boundary
points we associate an element in G(z, z0). The resulting Lagrangian L(z) would be de-
fined by a collection of paths γ(z; xσ) ∈ G(z, z0) associated to the vertices xσ of L˜r(z),
which are in turn determined by the polytope ∆ itself. Let us start with:
Example 4.2 (The projective line): For X = P1 one has W (z) := z + 1
z
∈ L(∆◦). Direct
computation shows
Crit(W ; r) = [−es,−e−s] ∪ [e−s, es] ⊂ C∗
where r = 2sinh(s). In particular, Crit(W ) = {z0, z1} ⊂ C
∗ with z0 = 1 and z1 = −1.
Consider the two monodromies γ+(θ) := z +
e2piiθ
z
and γ−(θ) := e
2piiθz + 1
z
. Note the
following illustration:
Re(z)
Im(z)
•
ete−t z0z1
γ−
γ+
L˜(z1) L˜(z0)
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The inscribed annulus is Log−1(∆) ⊂ C∗, as in example 3.3. The red segments are the two
Lagrangians L˜(z0), L˜(z1) ⊂ C
∗. Note that the Lagrangian L˜(z0) coincides with the zero
section. The blue and green lines describe the actions of the monodromies M(γ−),M(γ+)
respectively. Both monodromies take L˜(z1) to L˜(z0). However, M(γ−) goes through
the upper half-annulus while M(γ+) goes through the lower half-annulus. Going to the
universal cover we get the following picture:
Log|z|
Arg(z)
z0
z1
t−t
L˜(z1)
L˜(z0) = L(z0)
L(z1)
We take L(z0) = L˜(z0) while L(z1) is the brown curve, obtained by applying γ− to the
right part of L˜(z1) and γ+ to the left part of L˜(z1).
Let X be a toric Del Pezzo surface and let σ =
∑
ρ<σ R
+ · nρ ∈ Σ(n) be a maximal cone.
Denote by
Ray◦(σ) = {ρ|ρ 6< σ} ∈ Σ(1)
the set of all rays of Σ which are not rays of σ. Note that |Ray◦(σ)| = rank(Pic(X)). In
fact, it turns that {[VX(nρ)]}ρ∈Ray◦(σ) ⊂ Pic(X) is a set of generators for any σ ∈ Σ(n).
In particular, for any E ∈ Pic(X) let
D(E; σ) :=
∑
ρ∈Ray◦(σ)
a(E; ρ; σ) · VX(nρ) ∈ DivT (X)
be the unique divisor such that E = [D(E; σ)] ∈ Pic(X) with a(E, ρ; σ) = 0 for ρ < σ.
To a solution z ∈ Crit(W ) and a maximal cone σ ∈ Σ(n) we associate the loop of Laurent
polynomials
γ(z; σ)(θ) :=
∑
ρ∈Σ(1)
e2piiθ·a(E(z);σ;ρ) · znρ ∈ L(∆◦).
Note that since Arg(z0) = 0 ∈ T
n ≃ Rn/Zn an element γ ∈ G(z, z0) can be associated
with a weight m(γ) ∈ Zn by applying Arg : (C∗)n → Tn to the corresponding path from
z to z0 and lifting to the universal cover. Set mW (z; σ) := m(γ(z; σ)) ∈ Z
n. On the other
hand, recall from the end of section 2 that an element E ∈ Pic(X) is associated with the
weight mX(E; σ) ∈ Z
n. For toric Del-Pezzo surfaces we have:
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Proposition 4.3: Let X be a toric Del-Pezzo surface and let W ∈ L(∆◦) be the Landau-
Ginzburg potential as in Example 2.3. Let z ∈ Crit(W ) be a solution. Then γ(z; σ) ∈
G(z, z0) and
mW (z; σ) = −mX(E(z); σ)
for any maximal cone σ ∈ Σ(2).
Proof: Our notations fo the solution shceme Crit(W ) = {z0, ..., zN}, where N = χ(X)−1,
are as in Example 2.3. The proof requires the computation of the weights mW (z; σ) and
−mX(E(z); σ) for any σ ∈ Σ(2). The toric weights mX(E(z); σ) are computed via the
standard formula. The monodromy weights mW (z; σ) are computed directly. We include
a few of the computations for P2 and Bl1(P
2) to ilsutrate the general technique.
(1) Projective space: The fan Σ for X = P2 is given by
H
H
H
σ0
σ1
σ2
Recall that in this case by E = {0, H, 2H} ⊂ Pic(P2) ≃ Z · H . We describe the divisor
D(E) ∈ DivT (X), in the sense of section 2, together with its corresponding weights as
follows:
0
0
0
(0, 0)
(0, 0)
(0, 0)
D(0)
0
0
1
(0, 0)
(−1, 0)
(0,−1)
D(H)
0
0
2
(0, 0)
(−2, 0)
(0,−2)
D(2H)
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On the other hand, let us consider the monodromies of γji := γ(z
i; σj) ∈ G(z, z
0). We
have γj0(θ) = W for j = 1, .., 3, while
γ01(θ) = z1 + z2 +
e2piiθ
z1z2
; γ11(θ) = e
2piiθz1 + z2 +
1
z1z2
; γ21(θ) = z1 + e
2piiθz2 +
1
z1z2
and
γ02(θ) = z1 + z2 +
e4piiθ
z1z2
; γ12(θ) = e
4piiθz1 + z2 +
1
z1z2
; γ22(θ) = z1 + e
4piiθz2 +
1
z1z2
.
Direct computation shows that the images of these paths, under the Argument map, lifted
to the universal cover of T2 = R2/Z2 are given as follows:
(0, 0) (1, 0) (2, 0)
(0, 1)
(0, 2)
z0
z1
z2
As an illustration, let us compute the monodromy path corresponding to γ01(θ) in order to
do so we need to solve the system of equations z1−
e2piiθ
z1z2
= z2−
e2piiθ
z1z2
= 0. Set z = z1 = z2
and the second equation becomes z3 = e2piiθ, which clearly agrees with the diagram.
Recall the R-divisors DW (z) ∈ DivT (X) defined in section 2. It is interesting to note that
m(DW (z), σ) ∈ Z
2 is exactly the slope of γ(z; σ) under the Argument map. Indeed:
0
0
0
(0, 0)
(0, 0)
(0, 0)
DW (z0)
1
3
1
3
1
3
(1
3
, 1
3
)
(−2
3
, 1
3
)
(1
3
,−2
3
)
DW (z1)
2
3
2
3
2
3
(2
3
, 2
3
)
(−4
3
, 2
3
)
(2
3
,−4
3
)
DW (z2)
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(2) Blow up of P2 at one point: The fan Σ for X = Bl1(P
2) is given by
H −E
EH −E
H
σ1
σ4
σ2
σ3
We have E = {0, H,H −E, 2H − E} ⊂ Pic(Bl1(P
2)) ≃ Z · H ⊕ Z · E. The divisors
D(E) ∈ DivT (X), together with the corresponding weightsmX(E, σ), are given as follows:
0
00
0
(0, 0)
(0, 0)
(0, 0)
(0, 0)
D(0)
0
00
1
(0, 0)
(0,−1)
(0, 0)
(−1,−1)
D(H)
0
01
0
(0, 0)
(0, 0)
(−1, 0)
(−1, 0)
D(H − E)
0
01
1
(0, 0)
(0,−1)
(−1, 0)
(−2,−1)
D(2H − E)
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On the other hand, the monodromies γkij := γ(zij; σk) ∈ G(zij, z00) are given as follows:
γk00(θ) = W for k = 1, ..., 4 while
γ110(θ) = z1 + z2 + e
−t · z2
z1
+ e
2piiθ
z2
; γ210(θ) = z1 + z2 + e
−t · z2
z1
+ e
2piiθ
z2
γ310(θ) = e
2piiθ · z1 + e
2piiθ · z2 + e
−t · z2
z1
+ 1
z2
; γ210(θ) = z1 + e
2piiθ · z2 + e
−t+2piiθ · z2
z1
+ 1
z2
γ101(θ) = z1 + z2 + e
−t+2piiθ · z2
z1
+ 1
z2
; γ201(θ) = e
2piiθz1 + z2 + e
−t · z2
z1
+ 1
z2
γ301(θ) = e
2piiθ · z1 + z2 + e
−t · z2
z1
+ 1
z2
; γ401(θ) = z1 + z2 + e
−t+2piiθ · z2
z1
+ 1
z2
γ111(θ) = z1 + z2 + e
−t+2piiθ · z2
z1
+ e2piiθ 1
z2
; γ211(θ) = e
2piiθ · z1 + z2 + e
−t · z2
z1
+ e
2piiθ
z2
γ311(θ) = e
4piiθ · z1 + e
2piiθ · z2 + e
−t · z2
z1
+ 1
z2
; γ411(θ) = z1 + e
2piiθ · z2 + e
−t+4piiθ · z2
z1
+ e2piiθ 1
z2
.
The images of these paths under the Argument map, lifted to the universal cover of
T2 = R2/Z2 are:
z01
z10 z11
z00
(0, 0) (1, 0)
(0, 1) (1, 1) (2, 1)
Let us compute the path corresponding to γ110(θ). The corresponding system of equations
is z1 − e
−t z2
z1
= z2 + e
−t z2
z1
− e
2piiθ
z2
= 0. Due to the degeneration as t → ∞ this becomes
equivalent to z1 − e
−t z2
z1
= z2 −
e2piiθ
z2
= 0. Hence z22 = e
2piiθ and z21 = e
−tz2. In particular,
the path lies on the line 2θ1 = θ2 which agrees with the diagram. The rest of the cases
are computed similarly.
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(3) Blow up of P2 at two points: The fan Σ for X = Bl2(P
2) is given by
H − E2E1
E2
H − E1 −E2
H − E1
σ5
σ1
σ3
σ4
σ2
We have E = {0, H,H −E1, H − E2, 2H −E1 − E2} ⊂ Pic(Bl2(P
2)). The divisors
D(E) ∈ DivT (X), together with the corresponding weightsmX(E, σ), are given as follows:
00
0
0
0
(0, 0)
(0, 0)
(0, 0)
(0, 0)
(0, 0)
D(0)
00
1
1
0
(0,−1)
(0, 0)
(0,−1)
(0,−1)
(0, 0)
D(H − E1)
01
0
1
0
(0, 0)
(0, 0)
(−1, 0)
(−1, 0)
(−1, 0)
D(H − E2)
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01
1
1
0
(0,−1)
(0, 0)
(−1, 0)
(0,−1)
(−1, 0)
D(H)
01
1
2
0
(0,−1)
(0, 0)
(−1,−1)
(−1,−1)
(−1, 0)
D(2H − E1 −E2)
On the other hand, the monodromies γji := γ(zi; σj) ∈ G(zi, z0) are given as follows:
γk0 (θ) = W for k = 1, ..., 5 while
γ11(θ) = e
−t · z1 + e
−t · z2 +
1
z1
+ e
2piiθ
z1z2
+ e
2piiθ
z2
; γ21(θ) = e
−t · z1 + e
−t · z2 +
1
z1
+ e
2piiθ
z1z2
+ e
2piiθ
z2
γ31(θ) = e
−t · z1 + e
−t+2piiθ · z2 +
1
z1
+ 1
z1z2
+ 1
z2
; γ41(θ) = e
−t · z1 + e
−t+2piiθ · z2 +
1
z1
+ 1
z1z2
+ 1
z2
γ51(θ) = e
−t · z1 + e
−t+2piiθ · z2 +
1
z1
+
1
z1z2
+
1
z2
γ12(θ) = e
−t · z1 + e
−t · z2 +
e2piiθ
z1
+ e
2piiθ
z1z2
+ 1
z2
; γ22(θ) = e
−t+2piiθ · z1 + e
−t · z2 +
1
z1
+ 1
z1z2
+ 1
z2
γ32(θ) = e
−t+2piiθ · z1 + e
−t · z2 +
1
z1
+ 1
z1z2
+ 1
z2
; γ42(θ) = e
−t+2piiθ · z1 + e
−t · z2 +
1
z1
+ 1
z1z2
+ 1
z2
γ52(θ) = e
−t · z1 + e
−t · z2 +
e2piiθ
z1
+
e2piiθ
z1z2
+
1
z2
γ13(θ) = e
−t · z1 + e
−t · z2 +
e2piiθ
z1
+ e
2piiθ
z1z2
+ e
2piiθ
z2
; γ23(θ) = e
−t+2piiθ · z1 + e
−t · z2 +
1
z1
+ 1
z1z2
+ e
2piiθ
z2
γ33(θ) = e
−t+2piiθ · z1 + e
−t · z2 +
1
z1
+ 1
z1z2
+ e
2piiθ
z2
; γ43(θ) = e
−t · z1 + e
−t+2piiθ · z2 +
e2piiθ
z1
+ 1
z1z2
+ 1
z2
γ53(θ) = e
−t · z1 + e
−t+2piiθ · z2 +
1
z1
+
1
z1z2
+
e2piiθ
z2
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γ14(θ) = e
−t · z1 + e
−t · z2 +
e2piiθ
z1
+ e
4piiθ
z1z2
+ e
2piiθ
z2
; γ24(θ) = e
−t+2piiθ · z1 + e
−t · z2 +
e2piiθ
z1
+ 1
z1z2
+ e
2piiθ
z2
γ34(θ) = e
−t+2piiθ · z1 + e
−t+2piiθ · z2 +
1
z1
+ 1
z1z2
+ 1
z2
; γ44(θ) = e
−t+2piiθ · z1 + e
−t+2piiθ · z2 +
1
z1
+ 1
z1z2
+ 1
z2
γ54(θ) = e
−t · z1 + e
−t+2piiθ · z2 +
e2piiθ
z1
+
e2piiθ
z1z2
+
1
z2
.
The images of these paths under the Argument map, lifted to the universal cover of
T2 = R2/Z2 are:
z2
z1 z3
z4
z0
(0, 0) (1, 0)
(0, 1) (1, 1)
(4) Blow up of P2 at three points: The fan Σ for X = Bl3(P
2) is given by
H − E2 −E3
H − E1 −E3
H − E1 −E2
E1
E2
E3
σ1
σ2σ3
σ4
σ5
σ6
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In this case E = {0, H,H − E1, H −E2, H − E3, 2H −E1 − E2 − E3} ⊂ Pic(Bl3(P
2)).
The divisors D(E) ∈ DivT (X) together with their corresponding weights are given as
follows:
0
0
0
0
0
0
(0, 0)
(0, 0)
(0, 0)
(0, 0)
(0, 0)
(0, 0)
D(0)
0
0
1
1
1
0
(0, 0)
(0, 0)
(−1, 0)
(−1, 0)
(0,−1)
(0,−1)
D(H)
0
0
2
1
1
−1
(−1, 0)
(0,−1)
(0,−1)
(−1,−1)
(−1,−1)
(−1, 0)
D(2H − E1 − E2 −E3)
0
0
1
0
1
0
(0, 0)
(0, 0)
(0, 0)
(0,−1)
(0,−1)
(0,−1)
D(H − E1)
0
0
1
1
0
0
(0, 0)
(0, 0)
(−1, 0)
(−1, 0)
(−1, 0)
(0, 0)
D(H − E2)
0
0
1
1
1
−1
(0,−1)
(−1, 0)
(−1, 0)
(−1, 0)
(0,−1)
(0,−1)
D(H − E3)
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On the other hand, the monodromies γji := γ(zi; σj) ∈ G(zi, z0) are given as follows:
γk0 (θ) = W for k = 1, ..., 6 while
γ11(θ) = γ
2
1(θ) = z1 + z2 + z1z2 +
e2piiθ
z1
+
e2piiθ
z1z2
+
e2piiθ
z2
γ31(θ) = γ
4
1(θ) = e
2piiθ · z1 + z2 + e
2piiθ · z1z2 +
1
z1
+
1
z1z2
+
e2piiθ
z2
γ51(θ) = γ
6
1(θ) = z1 + e
2piiθ · z2 + e
2piiθ · z1z2 +
e2piiθ
z1
+
1
z1z2
+
1
z2
γ12(θ) = γ
6
2(θ) = z1 + e
2piiθ · z2 + z1z2 +
e2piiθ
z1
+
e2piiθ
z1z2
+
1
z2
γ22(θ) = γ
3
2(θ) = e
2piiθ · z1 + z2 + z1z2 +
1
z1
+
e2piiθ
z1z2
+
e2piiθ
z2
γ42(θ) = γ
5
2(θ) = e
2piiθ · z1 + e
2piiθ · z2 + e
2piiθ · z1z2 +
1
z1
+
1
z1z2
+
1
z2
γ13(θ) = γ
2
3(θ) = γ
3
3(θ) = z1 + z2 + z1z2 +
1
z1
+
e2piiθ
z1z2
+
e2piiθ
z2
γ43(θ) = γ
5
3(θ) = γ
6
3(θ) = z1 + e
2piiθ · z2 + e
2piiθ · z1z2 +
1
z1
+
1
z1z2
+
1
z2
γ14(θ) = γ
2
4(θ) = γ
6
4(θ) = z1 + z2 + z1z2 +
e2piiθ
z1
+
e2piiθ
z1z2
+
1
z2
γ34(θ) = γ
4
4(θ) = γ
5
4(θ) = e
2piiθ · z1 + z2 + e
2piiθ · z1z2 +
1
z1
+
1
z1z2
+
1
z2
γ15(θ) = γ
5
5(θ) = γ
6
5(θ) = z1 + e
2piiθ · z2 + z1z2 +
e2piiθ
z1
+
1
z1z2
+
1
z2
γ25(θ) = γ
3
5(θ) = γ
4
5(θ) = e
2piiθ · z1 + z2 + z1z2 +
1
z1
+
1
z1z2
+
e2piiθ
z2
.
The images of these paths under the Argument map, lifted to the universal cover of
T2 = R2/Z2 are:
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z0 z4
z3 z5
z2
z1
(0, 0) (1, 0)
(0, 1) (1, 1)

Acknowledgements: The work was partially supported by ERC grant AdG 669655.
References
[1] M. Abouzaid. Homogeneous coordinate rings and mirror symmetry for toric varieties. Geom. Topol.
10 (2006) 1097–1156.
[2] M. Abouzaid. Morse homology, tropical geometry, and homological mirror symmetry for toric vari-
eties. Selecta Mathematica, August 2009, Volume 15, Issue 2, pp 189–270.
[3] D. Auroux. Mirror symmetry and T-duality in the complement of an anticanonical divisor. J. Gkova
Geom. Topol. 1 (2007), 51–91.
[4] D. Auroux, L. Katzarkov, D. Orlov. Mirror symmetry for weighted projective planes and their
noncommutative deformations. Ann. of Math. (2) 167 (2008), no. 3, 867–943.
[5] D. Auroux, L. Katzarkov, D. Orlov. Mirror symmetry for del Pezzo surfaces: vanishing cycles and
coherent sheaves. Invent. Math. 166 (2006), no. 3, 537–582.
[6] V. Batyrev. Dual polyhedra and mirror symmetry for Calabi-Yau hypersurfaces in toric varieties. J.
Algebraic Geom. 3 (1994), no. 3, 493–535.
[7] A. Beilinson. The derived category of coherent sheaves on Pn. Selected translations. Selecta Math.
Soviet. 3 (1983/84), no. 3, 233–237.
[8] L. Costa, R. M. Miro´-Roig. Tilting sheaves on toric varieties. Math Z., 248 (2004), 849–865.
[9] L. Costa, R. M. Miro´-Roig. Derived categories of projective bundles. Proc. Amer. Math. Soc. 133
(2005), no. 9, 2533–2537.
[10] L. Costa, R. M. Miro´-Roig. Frobenius splitting and derived category of toric varieties. Illinois J.
Math. 54 (2010), no. 2, 649–669.
[11] L. Costa, R. M. Miro´-Roig. Derived category of toric varieties with small Picard number. Cent. Eur.
J. Math. 10 (2012), no. 4, 1280–1291.
26 YOCHAY JERBY
[12] C. Diemer, L. Katzarkov, G. Kerr. Compactifications of spaces of Landau-Ginzburg models. Izv.
RAN. Ser. Mat., 2013, Volume 77, Issue 3, Pages 55–76.
[13] C. Diemer, L. Katzarkov, G. Kerr. Symplectomorphism group relations and degenerations of Landau-
Ginzburg models. 2012, arXiv:1204.2233.
[14] A. Efimov. Maximal lengths of exceptional collections of line bundles. J. London Math. Soc., 90:2
(2014), 350–372.
[15] W. Fulton. Introduction to toric varieties. Annals of Mathematics Studies, 131. The William H.
Roever Lectures in Geometry. Princeton University Press, Princeton, NJ, 1993.
[16] E. Gonzalez, C. Woodward Quantum cohomology and toric minimal model programs. 2013,
arXiv:1207.3253v6.
[17] Y. Jerby. On Landau-Ginzburg systems, quivers and monodromy. Journal of Geometry and Physics
Volume 98, Pages 504-534, December 2015.
[18] Y. Jerby. On Landau-Ginzburg Systems and Db(X) of projective bundles. arXiv:1412.2687.
[19] S. Gelfand, Y. Manin. Methods of homological algebra. Springer Monographs in Mathematics.
Springer-Verlag, Berlin, 2003.
[20] I. Gelfand, M. Kapranov, A. Zelevinsky. Discriminants, resultants, and multidimensional determi-
nants. Mathematics: Theory and Applications. Birkhauser Boston, Inc., Boston, MA, 1994.
[21] A. King. Tilting bundles on some rational surfaces. preprint.
[22] M. Kontsevich. Homological algebra of mirror symmetry. Proceedings of the International Congress
of Mathematicians, Vol. 1, 2 (Zurich, 1994), 120-139, Birkhauser, Basel, 1995.
[23] M. Kontsevich. Course at ENS. 1998, http://arxiv.org/abs/hep-th/0002222
[24] G. Mikhalkin. Amoebas of Algebraic Varieties and Tropical Geometry. Different Faces of Geometry
Volume 3 of the series International Mathematical Series, 257–300.
[25] T. Oda. Convex bodies and algebraic geometry - toric varieties and applications. I. Algebraic Ge-
ometry Seminar (Singapore, 1987), 89–94, World Sci. Publishing, Singapore, 1988.
[26] D. O. Orlov. Projective bundles, monoidal transformations, and derived categories of coherent
sheaves. Izv. RAN. Ser. Mat., 1992, Volume 56, Issue 4, 852–862.
[27] M. Perling. Some Quivers Describing the Derived Category of the Toric del Pezzos. Preprint 2003.
[28] P. Seidel. About vanishing cycles and mutation. European Congress of Mathematics Volume 202 of
the series Progress in Mathematics pp 65–85.
[29] P. Seidel. More about vanishing cycles and mutation. Symplectic geometry and mirror symmetry
(Seoul, 2000), 429–465, World Sci. Publ., River Edge, NJ, 2001.
[30] P. Seidel. Fukaya Categories and Picard-Lefschetz Theory. Zurich Lectures in Advanced Mathematics,
June 2008.
[31] P. Seidel. Homological mirror symmetry for the quartic surface. Memoirs of the AMS, Volume 236,
July 2015.
[32] R. P. Thomas. Derived categories for the working mathematician. Proceedings of the Winter School
on mirror symmetry, vector bundles and lagrangian cycles, Harvard, January 1999. International
Press 2001.
[33] K. Ueda. Homological Mirror Symmetry for Toric del Pezzo Surfaces. Communications in Mathe-
matical Physics May 2006, Volume 264, Issue 1, pp 71-85.
E-mail address : yochay.jerby@gmail.com
